Spin Singlet Quantum Hall Effect and 
Nonabelian Landau-Ginzburg Theory 



Alexander Balatsky 

Los Alamos National Laboratory 
Theoretical Division, MS B262 
Los Alamos, NM 87544 
and 

Landau Institute for Theoretical Physics, Moscow, USSR. 



ABSTRACT: 

In this paper we present a theory of Singlet Quantum Hall Effect (SQHE). We show 
that the Halperin-Haldane SQHE wave function can be written in the form of a product 
of a wave function for charged semions in a magnetic field and a wave function for the 
Chiral Spin Liquid of neutral spin-ry semions. We introduce field-theoretic model in which 
the electron operators are factorized in terms of charged spinless semions (holons) and 
neutral spin-^ semions (spinons). Broken time reversal symmetry and short ranged spin 
correlations lead to SU(2)] c= i Chern-Simons term in Landau-Ginzburg action for SQHE 
phase. We construct appropriate coherent states for SQHE phase and show the existence 
of SU (2) valued gauge potential. This potential appears as a result of "spin rigidity" of 
the ground state against any displacements of nodes of wave function from positions of the 
particles and reflects the nontrivial monodromy in the presence of these displacements. We 
argue that topological structure of SU (2)^=1 Chern-Simons theory unambiguously dictates 
semion statistics of spinons. 
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INTRODUCTION. 



i) General remarks 

It has been assumed from the beginning of the theory of Fractional Quantum Hall Effect 
(FQHE), that the magnetic field, which has to be strong enough to produce the relevant 
Landau quantization, leads to large Zeeman splitting. Large body of physical theories 
of FQHE assumed spins of electrons to be polarized completely (which is equivalent to 
consideration of spinless electrons in the lowest Landau level) . 

It has been pointed out first by Halperin 1 that this is not always the case. Zeeman 
splitting is given by E Zeeman = g ■ \i B ■ H, and Larmour energy is E Larmour = eH/hc. The 
ratio of these two energies depends on the factor Ez eema n/ ^ Larmour = 9 ' where m* is 
the effective mass of electron, and g - is the g- factor. The ratio of m* /m in the Si/Si02 
structures is quite small m* /m ~ 0.07, and g can be as low as 1/4. 

We find, thus, that at least in low enough magnetic fields B ~ 1 T, for some materials 
the ratio j^ Zeeman ~ 0.017 is quite small. Thus it is a good approximation in this case 

^Larmour 

to neglect Zeeman splitting and consider all states in the Hilbert space of the problem as 
doubly degenerate due to spin. 

Within these assumptions one has to consider the spin unpolarized QHE phase. We 
will consider below the case of spin singlet QHE phase (SQHE). 

Experimentally there is evidence that spin singlet QHE phases are present at some 
filling factors, see for example. 2 

In this article we will consider the Landau-Ginzburg theory of singlet QHE and how it 
is connected with nonabelian, namely SU(2)^, = ^ for spin S=l/2, Chern Simons theory as 
a natural generalization of the Chern Simons theory for spin polarized case. We will show 
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how the SU(2) valued gauge potential naturally appears in the context of spin coherent 
states for SQHE 3 . 

But before considering spin unpolarized case we will summarize briefly the most im- 
portant features of the Landau- Ginzburg theory for spin polarized case. 

ii) Spin polarized FQHE and Landau Ginzburg theory 

Soon after experimental discovery of the Fractional QHE (FQHE) 2 Laughlin proposed 
variational wave function which describes the incompressible electron liquid in 2D in ex- 
ternal magnetic field at fractional filling factors, which naturally leads to the "fractional 
statistics" of the quasiparticles. 4 . The holomorphic structure of the Laughlin state relies 
essentially on the fact that the coordinate space of electron liquid is 2D. 

The conductivity tensor of this state is 



e 2 1 
y h m 

where m- is an odd integer. The last observation proved to be crucial for the construction 
of the phenomenology of the fractional Quantum Hall Effect (FQHE). 

Namely it has been noticed by Girvin and MacDonald ^ and subsequently by others^ 
that broken time reversal invariance and parity leads to the possibility for parity noninvari- 
ant terms in the Landau- Ginzburg (LG) functional for electrons in FQHE phase. Physics 
of the Laughlin state Eq. (LI) is dictated by the fact that in this correlated state each 
electron at point is confined with m quanta of magnetic flux cp = ^p. Effect of the 
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Chern-Simons term in the LG functional of FQHE is to reinforce the constraint, that den- 
sity of particles is proportional to the local flux value of some gauge field, which we will 
call the statistical gauge field , A^: 



<p*<p - (<p*<p) = ^ ey F*i (1.3) 

With (^-scalar classical field associated with the order parameter in FQHE. 7 The reason 
for introducing extra statistical gauge field is to take into account density fluctuations and 
associated fluctuations of the phase of the wave function. At the same time the external 
magnetic field is essentially constant. 

The LG functional has the form: 5 ' 6 ' 7 



£ = d 2 xdt ip*(id — eA — Ao)ip — — \(idi — eAi — Aj)ip\ 2 
J 2m 

+ V(<p) + A A ^ d v A\ e ^ A (I A) 

with k = ^jf-^iA^ is electromagnetic potential, and V((p) = — a(p 2 + /3</? 4 is the potential 
which fixes the amplitude of the order parameter <p. The last term in Lagrangian £ is a 
Chern Simons terms for the statistical gauge potential A^ with the group U(l). Variation 
of C over electromagnetic potential leads to the expression for the transverse conductivity 
given by Eq. (1.2). More detailed analysis of the LG theory for FQHE in the spin polarized 
case can be found in. 5 ' 6 ' 7 ' 8 

Examining LG theory of spin polarized case we can make two general statements 

a) The holomorphic structure of the wave function and closely related to its presence of 
strong magnetic field in the system allows us to write parity and time reversal noninvariant 
terms, such as Chern Simons for some statistical gauge field. 
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b) This gauge field obeys the constraint that the density is proportional to the flux of 
this gauge field, like Eq. (1.3). We will argue below that these two statements are also 
true for the case of LG theory of SQHE. The only essential difference comes from the fact 
that the gauge group, corresponding to statistical gauge field, will be SU(2). Instead of 
density operator playing role of the generator of the flux, the spin will be the generator 
of the spin gauge field flux. In contrast to the U(l) group SU(2) Chern-Simons theory is 
true topological theory. As a result of quantization of the coefficient in the Chern-Simons 
term, we will find that the only fractional statistics of excitations for SU(2) at level k=l 
Chern Simons theory will be semion statistics. 
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II. SPIN SINGLET QUANTUM HALL EFFECT 
AND LANDAU-GINZBURG THEORY. 



i) Halperin-Haldane Wave Function of SQHE and Slave Semion Decompo- 
sition. 

In this paragraph we consider the physical properties of the singlet Quantum Hall 
Effect states, given by the Halperin-Haldane wave function \ 9 : 

i<3 . (II.l) 

where the set of coordinates z^,i = 1, . . . , N corresponds to the spin j electrons, and 
z~ , % = 1, . . . , N corresponds to the spin I electrons and m is an even integer. In this case 
^m{[ z ^]i \ z ^\) satisfies the Fock cyclicity condition. In this state, the eigenvalue of the 
total spin operator is S = and the ^-component of the spin also has eigenvalue S z = 0. 
This kind of wave functions naturally appears in the consideration of the spin unpolarized 
states in the Quantum Hall Effect (QHE) phase. 

In contrast to the spin polarized states, in this case we need to describe the charge 
sector of the SQHE phase as well as the spin sector. By inspecting the structure of this 
wave function one finds that it has the simple but very important property that the spin 
and charge degrees of freedom are factorized. The total wave function fy m ([z^], [z7~]) can 
be written as a product of the charge wave function \I>^([2^"], [z^~]) and spin wave function 
\I/( 2 )([2^~], [z^~]). Below we will discuss the properties of the charge and spin wave functions 
separately. At the end we will put them together again by imposing the constraint that 
the positions of the charges coincides with those of the spins. This property is strongly 
reminiscent of the charge and spin separation present in models of Strongly Correlated 
Electron systems in the context of theories of high temperature superconductors 10 . 
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The wave function is factorized in the following manner 

*m(k + ], k"]) = * (2) (K + ]' [*rD*m (fel, k~])- (^-2) 



with 

,(-') 



k r D = IM - z P m+1/2 ( z i - z j) m+l '\4 - z D m+l/2 

i<3 ■ (1 1. 3) 



e 4 Si K + l 2 1 Si k I 2 



* (2) (K + ], kk) = IM - *p 1/2 (*r - z P 1/2 (4 - *rr 1/2 - ( IIA ) 

i<j 

Why does this decomposition make sense?. The plasma analogy, when applied to ( k + ] ' k r ])' 
shows that this state is described by a one component plasma, in which the particles at 
points z^ and z~ have equal charge: 

\* { m\[zt], kH)| 2 = exp((2m + 1)£>K+ - z+\ + X>|*~ ~ z j\ + E ln K + " z j\) 

i<j i<j i,j 

-i/2j>+|3-i/ 2 ;£ K -|V 



i 



(JJ.5) 



We regard Vl/^Q^]) ]) as the wave function for the charge degrees of freedom. 



If we apply the same plasma analogy to the wave function \I/( 2 )(k + ], k D we S et 11 : 
l* (2) (tf ], kH)| 2 = exp(^ln \z+ - z+\ + J> |*r - *7| - £ In |z+ - z7|). (JJ.6) 

and we can easily see that \I/( 2 )([2^~], [z~^\) corresponds to a two-component plasma, where 
the effective charge of the particles q is given by the spin projection q = 2s z = ±1. It is 
natural to consider \I/( 2 )(k + ], [z~\) as the wave function of the spin degrees of freedom. 

We will show below that ( k + ] ; can be regarded as a wave function for semions 
in an external external magnetic field. From Eq.(II.3) we conclude that, for any m, 
^j^Q^k], [z7]) describes particles with semion statistics: any exchange of two of them 
leads to a change of phase of it(m + 1/2) and, if m is even, this particles are semions. 
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From the same considerations it follows that VP^QzT*"], [z^~]) represents a two-component 
semion gas. The sign of the spin projection s z determines the effective phase change in 
any interchange of two particles q , iq , 2 7r /2, where (71,(72 are ±1 for spin j, [. This model 
with two component semions was considered in 12 'H. In particular, Girvin et al. 11 have 
pointed out that the state described by the wave function vW([zf], [z7]) is a local spin 
singlet due to the plasma screening of any charge. 

The decomposition of Eq.(II.2) can be represented in terms of the slave semion oper- 
ators: 

Mr) = <p(r)Z*(r)- (H-V 

where i^ a ( r ) is the electron operator, <p(r) is a charge e spinless semion operator, £ CT is a spin 
1/2 charge-neutral semion operator, a is a spin index, and we assume that [<p(r), = 0. 

In principle this decomposition is neither better nor worse than any other slave boson 
or slave fermion factorization, like the ones that are commonly used in theories of strongly 
correlated systems. The choice of any particular decomposition of the initial electron 
operator is purely a matter of convenience. Our choice is motivated by the simplicity of 
the physical picture that we get in the end. 

In Mott-Hubbard insulators, the strong correlations force the constraint of single parti- 
cle occupancy. In the case of the SQHE, the origin of the strong correlations is the drastic 
reduction of phase space due to the presence of a strong magnetic field: the kinetic en- 
ergy is quenched and the interactions dominate. In close analogy with the Mott-Hubbard 
problem, we argue that in the Singlet Quantum Hall Effect the spin and charge degrees of 
freedom are separated in the sense of the decomposition of Eq.(II.7). Here too, a gauge 
symmetry arises as a result of this factorization. This gauge symmetry means that the 
relative phase between charge and spin states is not a physically observable degree of free- 
dom. The SQHE wave function is a singlet under this gauge symmetry. However, the 
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decomposition Eq.(II.7) requires that the entire spectrum of states must be singlets under 
this gauge symmetry. Given the close analogy with the Mott-Hubbard problem, we will 
refer to this symmetry as the RVB gauge symmetry. The presence of this RVB gauge sym- 
metry gives rise to an RVB gauge field which puts the charge and spin semions together to 
form the allowed physical states. Thus, although the wave functions of all the states can 
be factorized as a product of a charge and spin wave functions, there is no separtaion of 
spin and charge in this system. In consequence, the system has a gap to all excitations and 
it is incompressible. The factorized form of the SQHE wave function, Eq.(II.2), appears 
to suggest that there may be a gapless neutral spin excitation which would lead to com- 
pressibility. Because the RVB gauge charge is confined, these excitations are not a part of 
the physical spectrum. It is important to stress that the incompressibility results entirely 
from the charge sector. 

Perhaps the simplest way to see this is to consider the wave function of quasiparticle 
(qp) in the first quantized representation, as it has been done in 9 . for example, for the 
qp of spin 1/2 with s z = —1/2 at point zq: 



The form of this wave function indicates that the creation of the qp is equivalent to the 
creation of the extra zero at point zq for the wave function of the particles with the spin 
s z = +1/2 projection. By using the plasma analogy it is easy to conclude that this zero is 



Now we will explicitly show that the wave function of the qp in the SQHE can be 
represented as a composite excitation of neutral spinon with s = 1/2 and of the spinless 



(us) 



equivalent to the qp of spin s z = —1/2 with charge e = ^ m+1 . 




u*rn 




(JJ.9) 
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The first product = Ui( z t ~ z o) 1/2 (z^ - zq) 1 / 2 ^ ([z+], [z7\) is nothing more then 

the holon excitation in the one component plasma, corresponding to the ^m^Q^], [z^]). 

1/2 1 

From this follows that the effective charge of the holon is e = m+1 y2 = Zm+I ' 
second product = Y\i{z^ —zq) 1 / 2 (z^ —zq) -1 !^^}^^], [z^]) is the spinon excitation, 
corresponding to the extra spin s z = —1/2 excitation, created at point zq. 

There is an apparent problem with the identification of the sign of the spin projection 

(2) 

for the excitation ^oj" By the plasma analogy the fictitious spin 1/2 at point zq has the 
same projection as the spinons at points z^, i.e. s z = +1/2. But then, due to the plasma 
screening in the two component plasma, the real spinons will screen out this fictitious spin, 

thus creating the s z = —1/2 cloud of real spinons, centered at point zq. This is precisely 

(2) 

the reason why the spin projection of the excitation ^ ZQ ^ is down. 

Once this confusing point has been clarified, we come to the statement that the spin 
1/2 charge e = 2m+l IP can ^ e re P resen t e d as a product of the spinon and holon qp 
created at the same point zq: 

*z oi = (11.10) 

The Eq.(II.lO) is a decomposition in Eq.(II.7) written in the first quantized representation. 

We find that the slave semion decomposition (II. 7) for the SQHE is valid not only in 
the ground state but for the qp excitations as well. Clearly the argument given above 
can be generalized trivially for the case of n qp. The fact that we need to put our spinon 
and holon on the same place explicitly indicates that these excitations with opposite RVB 
charge are confined to form an RVB neutral object, only allowed as the physical state 3 . 

Thus we showed that the slave semion decomposition Eq.(II.7) is quite natural way to 
distinguish the physics in the charge and spin sector of SQHE. This factorization ( but not 
separation) can be observed for any state in the Hilbert space of SQHE. 

ii) Coherent states for SQHE 
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In this section we will introduce coherent states for SQHE. Originally coherent states 
were introduced by Read 7 for FQHE in the spin polarized case. The generalization of this 
construction towards spin unpolarized case is straightforward. In this construction we will 
use analogy with the coherent states for superconductors. 

Suppose we have a system, in which some composite operator, involving few particle 
operators acquire the nonzero expectation value. An example of such an operator is a 
superconducting order parameter 

A = (N\iP+ k iP+_ k \N + 2) (11.11) 

where is the single particle operator with spin a and momentum k, and\N > - is the 
wavefunction of superconductor with N particles. 

Clearly, the two particle operator such as in Eq. (11.11) can not have nonzero expec- 
tation value in the state with the fixed number of particles \N >, (N\ip~^ k *i/^_ fc |iV) = 0, 
because this object is not gauge invariant under global U(l) gauge transformations. In 
thermodynamic limit we usually consider the system with fixed chemical potential and in- 
definite number of particles which allows the operator to have a nozero expectation value. 
This kind of states allows us to get nonzero expectation value for the two particle operator. 
The phase of the order parameter A has to be well defined in superconductor, and taking 
into account that density operator = ^ k ^ a k and phase (p^ are canonically conjugated 
variables [nkiVkt] = ~~ k')> we find that the superposition of states with indefinite 
number of particles but with fixed phase are natural for considering superconductors. 

These coherent states 

oo 

\6 >= J2 Pn e iN6 \N > (11.12) 
N=l 
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where 6 is the phase, (3^ is some weight which is peaked around macroscopical value 

1/2 

N = N with variance AN ~ N .In this basis one easily find that the order parameter 

becomes a classical field: 



A = ^ k(3 \0) = \A \e^ (11.13) 

with the well defined amplitude |A G | and phase rj. 

From this transparent example we conclude that if the order parameter as an operator 
involves few particle operators the appropriate basis for consideration of this phase are 
the coherent states which are coherent superposition of states with different number of 
particles. 

Application of coherent states for construction of the LG theory of polarized FQHE 
has been done by N. Read, 7 see also. 13 Here we will follow these ideas to construct the 
coherent states for spin unpolarized QHE. 

Define states |iV + ,iV_ > as: 

\N+,N->= * m ([z+l[z-]) (JJ-14) 
where N± is the number of particles with up(down) spin. Introduce the coherent states: 



\9+,6- > = ]T %+ P N - e - m + 9 +- m - 9 - |iV+,iV_ > (11.15) 

N± 

where (3j^± are some weights with (N±) = N, and some variance. AiV± ~ N 1 . This 
state is with undefined S z and undefined number of particles. The following composite 
operator acquires the nonzero expectation value in the \6+, 6- > state 13 : 



A+(z) = (z) U m (z) 



m+1 



(//.16a) 
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(0+,0-| A+|0+,0_) = const (77.166) 
where U±(z) is the flux operator, which produces a node in the wave function \9+, 0- >: 



i 

And state |0+, 0- > is simply the condensate of the composite operators: 



|0+,0_ > ~ J2 PN+ Pn- (/ d 2 z+ A+ + (| d 2 z- A_ (*")) " e iN ± e ± |0 > 

(77.18) 



Eqs. (II.16)-(II.18) are just the mathematical expression of the physically transparent 
fact that in the Halperin-Haldane state the electrons of spin up and down are confined 
with the zeros of the wave function. For example each electron of spin up is confined with 
the (m+1) st power of zero in the wave function for all other spin up electrons and m-st 
power for electrons of spin down. 

As we are mainly concerned with spin dynamics of SQHE, we consider coherent states 
and the appropriate order parameter for the spin wave function ip^\[z^], [z~\) in Eq. 
(II. 4). It has been argued 14 that this wave function describes the spin 1/2 Chiral Spin 
Liquid (CSL) state. It follows from this that the spin dynamics of SQHE and spin dynamics 
of CSL phase are closely related. However there is one principal difference between spin 
excitations allowed in SQHE and CSL: the only spin excitations allowed in the bulk of 
SQHE are gaped spin S=l spin waves, while there are spin 1/2 spinons in the CSL state. 
This difference comes from the fact that spinons in the bulk of SQHE sample are confined 
because of analiticity of the wave function, as we mentioned earlier. 

The composite operators which condense in the CSL state are 

14 



A% SL (z) = ip+(z) Ul /2 (z) U_ 1/2 (z) (11.19) 

Coherent states natural for CSL are given by Eq. (11.18) with obvious substitution 

A± -> A^ SL . 

The composite operator A±^ L describes the condensation of the flux ±tt on the parti- 
cles with spin S z = ±. Half flux condensation implies that semion statistics of excitations 
should be expected in this state, and indeed as it is known that spinons are fractional 
statistics excitations in this state. 14 

Using these facts we are now ready to construct the LG theory of SQHE phase. 

iii) SU(2)k = i Chern Simons Theory as a LG Functional for Singlet QHE. 

Below we will consider only spin aspect of the LG theory of SQHE, and thus only the 
neutral excitations will be considered. Because of decomposition Eq. (II. 2), the charge 
sector can be treated analogously to the derivation of LG theory for spin polarized FQHE. 

Due to the charge-spin factorization in the Halperin-Haldane state, we will use com- 
posite operator factorization 

A±(z) = Al SL (z)-A char 9 e (z) (11.20) 

with obvious form for A charge (z) which is independent on spin indexes, and analogously 
for coherent states: 



> — >spin >charge (11.21) 

Obviously the operator, relevant for spin dynamics is A^ L (z) and the wavefunction con- 
taining all information about spin configurations of electrons is \6+, 6>_ > sp i n , defined as: 
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IM- >spin = E ^ + ^- e ^ ±0± 

x ^ c/V A^ SL (z+fj + (^J d 2 z- A CSL (z-)^j |0> (77.22) 

with the same notations used as was used in the definition of > Eq. (11.15). In 

what follows we will drop the "CSL" from the spin composite operator A± L (z) and "spin" 
from the spin part of the wavefunction \9+6- > sp i n - 

Crucial object in deriving the LG functional is the gauge potential, which appears as 
a result of displacement of zero of the wavefunction i> ([z^], [z~]) from the position of 
electron to which this zero is confined. Namely, consider the following operator: 



A^z>) = Htf(z)uU 2 ^\z>) (77.23) 
Ht 

where /jl, fi' = ±, and at z = i! this operator is just the A^(z), discussed above. Below we 
will assume that operators A^z, z') are normalized by the factor 

Nn = (6+,6-\ n^/^/i/ 2 ^ ^\ z )\®+-> what will be taken into account in the ex- 

pansion of the composite operator. The displacement z - i! between the point at which 
the particle was created and the point at which the zeros of wave function are located may 
lead to nontrivial monodromy properties of the wave function in the presence of such dis- 
placements. Physically this nontrivial monodromy of particle wave function around closed 
contour C, enclosing such displacements, leads to a frustration of the wavefunction. This 
in turn leads to the increase of energy. The system prefers the ground state in which the 
zeros of wavefunction are confined to the positions of the particles. 5 The gauge potential 
which reflects nontrivial monodromy of probe particle in the nonhomogeneous case in spin 
polarized FQHE, see Eq. (1.3), appears naturally in this analysis . 
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The difference between polarized FQHE and SQHE is that in SQHE phase pure spin 
distortions can produce gauge potential, even if the charge fluctuations do not lead to any 
U(l) gauge potential as in Eq. (1.3). This concept of binding zeros of spin wave function 
with the particles was called "spin rigidity" in the case of CSL to stress the topological 
effect caused by displacements between zeros of wave function and positions of particles. 15 

Here we shall see that the same "spin rigidity" of the SQHE ground state in the spin 
sector leads to SU(2) valued gauge potential A x = i ■ A l x ■ o l a ^ cr l a p are Pauli matrices. This 
gauge potential measures the nontriviality of monodromy of spin wave function. Define 
A± = A x ± iA y and: 

iA^ = A / -^-(A+(z',z) A v (z'z)} (11.24) 
J z z 

where A is the coefficent to be defined later. Taking into account Eq. (11.23), and approx- 
imating (A+A^) (-lXV^OVv^')} we find: 

i d- z A_ = \7r(i;+( Z )^(z)) (11.25) 
or in terms of spin components: 

i d- z A l _ = Att (S l (z)) (11.26) 

As we mentioned, the ground state expectation value of spin operator is zero. Any spin 
excitation, however, produce the gauge potential A l _. For example, for spin 1/2 quasihole 
in Halperin-Haldane state (S z ) = S(z — z ) will lead to a gauge potential of a point-line 
source: 



i A z _(z) = 



d 2 , 



7 (i> + (z) a z Mz)) 
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= - 5 ^7 fIL2T > 

The value of A is fixed by the requirement to be consistent with semion statistics of spin 
1/2 excitations (neglecting the phase coming from charge sector) and gives A=l. From 
Eq. (11.24) it follows that in SQHE phase the displacement between zeros of wave function 
and positions of particles leads to a nonlocal effect, revealed by effective gauge potential. 
Assuming that scalar interactions in the system are short ranged, we can write down the 
local effective LG action whose variation leads to constraint Eq. (11.24 — 11.26): 



S = J d 2 xdt A+ (i d l» v - A» v ) A v + TrA, djA k e^ k 

+ V(A + A) + ^\(idi^ v -Af v )A v \ 2 (11.28) 

Where we also take into account special gradients of the order parameter A fJ/ (z) defined 
in Eq. (11.19); potential V(A + A) provides the fixed amplitude of the order parameter. 
The most nontrivial part of the effective LG action is the TrAidjA^e 1 ^ term, which is 
recognized as a gradient part of the SU(2)fc_i Chern-Simons term: 

C CS = j d 2 xdt A Tr(A % dj A k + 2/3 A, Aj A k )e^ k (11.29) 

at k=l for our case (the subscript k in SU(2)^, means precisely the coefficient in front of 
Chern-Simons term). The approximations we use does not allows us to find the second 
term in Chern-Simons Lagrangian Eq. (11.29). Locally this term always can be gauged out. 
However it is important for global topological structure of the Chern-Simons term. It is 
clear from Eq. (11.26) that this term is a higher order correction in the gauge we choose 
deriving Eq. (11.26). 

It is reasonable to argue that because of local spin correlations in SQHE state the 
true SU(2) rotational invariance should be observed. Although above we identify the 
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spin ± particles with flux ±7r in state ^^([^], [ z ^]) this identification requires the spin 
quantization axis to be fixed explicitly. This is the "abelian" way to incorporate spin 
quantum numbers of electrons into the wave function. 

In this procedure the single particle states are described in terms of the spin projection 
on the z-axis, and for simplicity, this axis is assumed to be in the same direction everywhere. 
Thus, we deal only with the U(l) diagonal subgroup of the full SU(2) spin group. Also, the 
plasma analogy for \I/( 2 )([2^~], [z^]) leads to the correspondence with the two component 
plasma with effective charge q = +q$ for spinj and q = —qo for spin | particles. This 
analogy suggests that we should attach different fluxes to particles with opposite spin and 
deal with them in much the same way as we did with the charge sector in section II. 

However, there is a problem with this approach. So far there is no spin anisotropy in 
this state since we have neglected the Zeeman term in the consideration of the SQHE 9 ,. 
The "abelian" approach breaks the SU(2) spin symmetry from the outset. Its recovery is 
a highly non-trivial matter. In principle one has to be able to formulate the SQHE wave 
function while keeping the full SU(2) invariance and to allow for a quantization axis that is 
varying in space. Girvin et al. 11 have pointed out that VP^QzT*"], [zj~]) leads to a partition 
function for a two-component plasma and that any extra charge = spin is screened. The 
screening in the two component anyon gas, in the context of the spin coupled to a gauge 
field, was found in reference 12. Thus, what is needed is a procedure to attach different 
fluxes to particles with j and j spins in a manner that is compatible with the SU(2) 
spin symmetry. Fortunately such an approach does exist: it is the non-abelian SU(2) CS 
theory. A non-abelian CS term, much like the abelian CS theory used in the description 
of the spin polarized QHE 5 > 6 >7,16 ; attaches fluxes to particles. But, unlike the "abelian" 
approach mentioned above, the non-abelian CS theory is invariant under SU(2) rotations 
of the spin. Furthermore, this invariance is local and the theory is a gauge theory. It turns 
out that the CS theory represents the only possible local way to attach particles to SU(2) 
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fluxes. Below we will follow this second way in considering the spin wave function. 

Consider the set of coordinates [z^], [z^] of a set of some spinors with the spin up 
components, located at points^], and spin down at points [z^\. The points [z£], [z~] 
will be regarded as the positions of sources of an SU(2) field A M , taken in the fundamental 
representation. It corresponds to the spin 1/2 of the electrons , constituing the QHE state. 
The Lagrangian C sp - m of the spin sector is given by Eq. (11.28) with the full non-abelian 
Chern-Simons term. 

The points at which the excitations are located are the the sources for the gauge field 
. As it can be seen from the variation of the Lagrangian (11.28) over Aq-. 

^ = A + - a A + k -F« xy = 0. (II. 30) 

The strength of the gauge field is given by F xy = d x A y — d y A x + [A x , A y ] a . Let us assume 
that the particles have a mass m. The path-integral representation of a matrix element of 
the evolution operator is given as a sum over all possible particle trajectories and gauge 
field histories. The constraint of Eq. (11.30) requires that each term in this amplitude 
should contain a factor representing a path-ordered exponential of the SU (2) gauge field 
along each particle trajectory. These path-ordered exponentials are usually referred to as 
Wilson lines. In first quantization, the time evolution during the time interval t of the 
heavy sources will be given by the amplitude: 

V([z'+],[z'r},t) = e - l f dt ^ m/2 ^ /dt \ 2+ ^ m/2 ^ /dt ^ 

Paths _ (11.31) 

J D[A] Wi(zf+ t zf)Wj(z'r, zj)e ik I ^^([zf], [*r], 0) 
where z /+ , z'~ are the set of final positions of the sources, and 

W i (z' i ,z i ) = [Pe i % Aldxl ]. (11.32) 

are Wilson lines evaluated on the 3-dimensional paths from to z[. We will consider the 
2-D disc geometry pierced by the Wilson lines. The coordinate space is D x R, where R is 
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the time. The integral in the exponent in W{{z!^ Zj) is the quasiclassical expression for the 
spin- current- gauge potential coupling f A®j®d?xdt, assuming that = a a ^-5(x — xi(t)) 
and x\{t) parametrizes the quasiclassical path of the particle. 

The CS action for the gauge field leads to the effective semion statistics of Wilson lines. 
Let us fix two Wilson lines, corresponding, for example to particles at z± and z± ■ And let 
us consider two processes which represent evolutions with the same final state and only 
differ by the presence of an extra knot in their histories given by W(z' i + , z^), W(z'-[~ , . 
Then the final amplitudes *([^ + ], [z 1 ^]) will gain different phases in these processes. One 
can find 17 , that the amplitudes are related by 

* Wted([<1, Wf]) = eMH^unknotteddz'+l Wf]) (^-33) 

where 7 is the conformal weight of the primary field for the SU (2) level k group, and is 
given by 

7 = 4?r f + 1) (77.34) 
1 k+2 v 1 

In our case, k = l,j = ^, the phase difference between two configurations is tt which 

corresponds to a phase of 7r/2 per particle. If we assume that the evolution between two 

configurations is adiabatic, the kinetic energy does not modify the value of 7 because it 

is quadratic in time derivative. The only contribution to the phase comes from the CS 

action and it leads to the semion statistics of the excitations , exhibited in the spin wave 

function * (2) (K + ],k r D W 



III.CONCLUSION 



In this paper the theory of SQHE phase was presented. We considered the charge-spin 
factorization in the Halperin-Haldane state and argue that the Halperin-Haldane state 
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variational wave function can be written in the form of product of two wave functions: 
one, ( [z^\ , \ z ^\) corresponds to charged spinless semions in external magnetic field and 
the other — spin wave function \I>( 2 )([2^~], [z~\) is the wave function of spin 1/2 neutral 
semions. Because all states in the Hilbert space of the problem can be represented as a 
direct product of charge and spin contribution we argue that LG theory of SQHE phase 
can be written as the theory for composite order parameter A±(z) from Eq. (11.20). In 
our derivation of the LG theory we concentrate on the spin sector. The parts of LG action 
for charge sector can be obtained, following the derivation of LG theory for spin polarized 
FQHE. 

We construct the coherent states for SQHE phase which are analogous to the coherent 
states for polarized FQHE phase, and describe SQHE as the phase with undefined spin 
projection and undefined number of particles. The SQHE order parameter has a nonzero 
diagonal expectation value in this coherent state. 

Because of the "spin rigidity" of SQHE state, the nodes of spin wave function #( 2 )([^+], [ Z r]) 
are confined to the positions of the particles. Moreover we find that any displacements 
of these nodes from positions of the particles, described by nonlocal composite operator 
A/j,(z',z) = ^{z')Y\^U^J^ ^ (z) leads to nontrivial monodromy of the wave function 
around closed contour, enclosing such a displacement. The natural measurement of ths 
monodromy of spin wave function is the SU(2) valued gauge potential Aj_ with the flux 
F^y proportional to the noncompensated spin density (S l ). Although we were not able 
to reproduce full SU(2) invariant topological term, we argue that because of local SU(2) 
invariance in SQHE phase, the spin part of LG action contains SU(2)^, = ^ Chern Simons 
term. We also find that the topological structure of the Chern-Simons theory leads unam- 
biguously to semion statistics of excitations in the spin sector of SQHE. However, these 
excitations are not physically relevant, because in the bulk of SQHE phase spinons are 
confined with holons in order to have trivial monodromy for Halperin-Haldane wave func- 
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tion, written in terms of electron coordinates. It has been argued in 18 , that SU(2)^._i 
Kac-Moody algebra, closely related with the SU{2)^ = i Chern-Simons action describe the 
edge of SQHE. This current algebra leads to the neutral spinon excitations as part of the 
Hilbert space of the edge. 

This consideration of S=l/2 SQHE state is also useful in revealing the connection 
between conformal field theory and different phases of FQHE. 13 ' 3 For example using these 
results we can show that i) there is a S=l Singlet QHE variational wave function, ii) 
this wave function is given by conformal block of SU(2)^, =2 Chern-Simons theory, iii) it 
supports nonabelian excitations with fractional charge and spin 1/2. 19 
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